The aim of a study of the presented paper is the differential subordination involving harmonic means of the expressions p(z), p(z) + zp (z), and
the positive real numbers x 1 , x 2 , . . . , x n is defined to be the reciprocal of the arithmetic mean of the reciprocals of x 1 , x 2 , . . . , For the special case of just two numbers x 1 and x 2 , the harmonic mean can be written
In this special case, the harmonic mean is related to the arithmetic mean
, and the geometric mean G = √ x 1 x 2 ,
A , or G = √ AH meaning the two numbers' geometric mean equals the geometric mean of their arithmetic and harmonic means.
Several concepts of the classes involving arithmetic and geometric means were appeared in the literature (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [11] [12] [13] [14] 16, 17] , for the extensive studies, we refer to the Miller and Mocanu monograph [10] ).
The purpose of this paper is to study the harmonic mean, as a supplementary to the well-known arithmetics and geometric Pythagorean means. In addition, a new mean brings along a wide range of new possibilities for exploiting harmonic ideas in connection of several quantities or functionals in the geometric function theory.
In order to prove our main results, we introduce some fundamental notions and notations.
Let A be the class of all analytic functions f in the open unit disk D = {z ∈ C : |z| < 1}, of the form:
If f and g are two functions analytic in D, we say that f is subordinate to g, written
Furthermore, if g is univalent in D, then we have the following equivalence: 
In order to prove our main results, we will need the following lemma: 
Harmonic Mean
Let
p(z) has the same normalization and play an important role in the theory of differential subordination. Let f ∈ A and set p(
Extremal properties of such expressions, as well as several relations, were frequently considered in the theory of univalent functions. In this section, we study the differential subordination involving harmonic means of such expressions, and present some applications in the geometric functions theory.
Theorem 2.1 Let p(z)
2)
and q ∈ Q. Then, we can rewrite the condition (2.1) as
where x is a real number. Due to symmetry, it is sufficient to consider only the case where x > 0. We have
= y, where y < 0. Thus, we obtain:
This contradicts the hypothesis of the theorem, therefore p ≺ q and the proof of Theorem 2.1 is complete.
Remark 1
We only note that the expression of the left hand side of (2.1) is of the harmonic form of two elements x 1 = p(z) and
in the previous theorem, we obtain the following corollary:
Theorem 2.2 Let p(z)
Proof Following the same steps as in the proof of Theorem 2.1, setting p(z 0 ) = i x, x > 0 and z 0 p (z 0 ) = y, y < 0, we obtain:
which completes the proof.
Theorem 2.3 Let p(z)
Proof We only need to show that p ≺ q, where q is given by (2.2). As in the proof of Theorem 2.1, there exist a point z 0 ∈ D such that p(z 0 ) = i x, x > 0 and z 0 p (z 0 ) = y, y < 0. Therefore, we have
and the proof of Theorem 2.3 is completed.
Theorem 2.4 Let p(z)
Proof As in the proof of Theorem 2.1, there exist a point z 0 in D such that p(z 0 ) = i x, x > 0 and z 0 p (z 0 ) = y, y < 0. We have:
Then, the condition (2.3) can be rewritten as 
We can write:
In order to obtain the contradiction it suffices to show that the last expression is greater or equal to M that is equivalent to the fact 
